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Abstract: We provide a classification of the IIB Dp- and NSp-branes in whicli the brane action 
exists due to a non-trivial class of the Chevalley-Eilenberg cohomology of free differential algebras. 
We then present a new geometric formulation of the IIB Dp- and NSp-branes [p < 5) in which the 
manifestly superinvariant Wess-Zumino terms are constructed in terms of the supersymmetric cur- 
rents. The supercurrents are obtained by using supergroup manifolds corresponding to the IIB-brane 
superalgebra, which is characterized by the generators of D3-, D5-, NS5- and KK5-branes in addition 
to the previously introduced generators of supertranslations, F- and D-strings. The charges of D1-, 
Fl- and D3-branes are related to those of the M-algebra, but some charges of D5- and NS5-branes are 
not. The S-duality of the type-IIB theory is realized as transformations of the supercurrents gener- 
alizing the SO (2) R-symmetry of the superalgebra. We thus find that the superalgebra is lifted into 
twelve-dimensions with signature (11,1). 
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1. Introduction 

It is now widely appreciated that super p-branes play an important role in studying non-perturbative 
superstring physics ^. The existence of ap-brane is guaranteed by the existence of the correspond- 
ing Wess-Zumino (WZ) term, which is needed for the K-symmetry, or the matching of the bosonic 
and fermionic degrees of freedom on the worldvolume Q. The WZ term is determined by a closed 
(p-|-2)-form which is shown to be characterized by non-trivial Chevalley-Eilenberg 2)-cocycles on 
the ordinary superspace |^. These WZ term was shown to cause topological charges and modify the 
super Poincare algebra In the spacetime superalgebra, p-branes are expressed as p-form "central" 
charges g, 0, |, |]. 

It is known that the WZ action Iwz = j ^wz is super invariant, but the integrand Cwz is not. 
The WZ term Cwz is super invariant up to a total derivative term. A manifestly supersymmetric 
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formulation of the Green- Schwarz superstring, including the WZ term, was given by Siegel [l^ based 
on a superalgebra [11| which is the global limit of a superalgebra ||T^ found by himself. The superal- 



gebra is a generalization of super Poincare algebra and generated by generators of supertranslations 
{Pa,Qa) and those of F-strings where is a new fermionic generator. Constructing a 

suitable set of supercurrents on the corresponding supergroup manifold, he wrote down the WZ term 
of the Green-Schwarz superstring in a second order expression of the supercurrents. Using this for- 
mulation, p-branes (p > 1), found in the brane scan Q, were formulated by Bergshoeff and Sezgin 
[^]. Introducing the p-brane superalgebras generated by generators of supertranslation and those 
of p-brane . . . they wrote down the manifestly supersymmetric WZ terms for the 

p-branes, which are {p + l)-th order in the supercurrents (further discussions on the superalgebra 
are found in jl^). For the non-minimal type-II theories, type-II superstrings and IIB D-strings 
IIB (p, g)-strings [|^, 17] and IIA D2-brane |18] are formulated by introducing the corresponding su- 



peralgebras. In [|1^], it was pointed out that worldvolume gauge fields can be expressed in terms of 
coordinates corresponding to new generators. This was further investigated in p7| , p!8[ . 

In this paper, we generalize them to incorporate all the branes in the type-IIB theory. The 
type-IIB theory is chiral with 16+16 Majorana-Weyl supercharges with the same chirality. The 528 
components of the anti-commutator of the supercharges are distributed as 

528 = 10 + 10 + 10 + 120 + 126 + 126 + 126, 

among the components of generators: translations, D-strings (D9-branes), F-strings (Neveu-Schwarz 
(NS) 9-branes), D3-branes (D7- and NS7-branes), D5-branes, NS5-branes and Kaluza-Klein (KK) 
5-branes, respectively, where branes in the parentheses correspond to charges with a time index. It 
is shown that the WZ terms for Dp- and NSp-branes are characterized by Chevalley-Eilenberg (CE) 
cohomology on the ordinary superspace. The obtained WZ terms are equivalent to those obtained in 
[p!g| ], and the total actions are invariant under the K-symmetry. In order to formulate the WZ action 
to be manifestly superinvariant, we introduce new generators with spinorial indices in exchange for 
Lorentz indices of bosonic brane charges of the superalgebra with the maximal "central" extension, and 
provide new spacetime superalgebra, the IIB-brane superalgebra. The IIB-brane superalgebra contains 



various subalgebras found before: N=l p-brane superalgebra [10, the IIB-superstring superalgebra 
[p!^], etc. The Dl, Fl, D3-brane and KK5-brane charges are obtained by a T-duality from those in 
the M-algebra found in ||2^, but the D5- and NS5-brane charges with five spinorial indices are not. In 
this sence, the IIB-brane superalgebra is a generalization of the M-algebra. By using the IIB-brane 
superalgebra, we show that the IIB Dp- and NSp-branes {p < 5) can be formulated in a manifestly 
superinvariant way. Namely, the WZ terms are found to be written down in terms of the supercurrents 
on the supergroup manifold corresponding to the superalgebra. New coordinates associated with new 
generators are contained in a surface term, by virtue of the fiber bundle structure of our superalgebra 
with the ordinary superspace being the base space. The WZ actions of the superinvariant WZ terms 
are equivalent to those obtained in the CE cohomology classification. Thus, the total actions are 
K-invariant. The IIB-brane superalgebra enjoys the S0(2) symmetry, which is a generalization of the 
S0(2) R-symmetry, and thus the S-duality is generalized to include new generators. The S-duality is 
shown to be realized geometrically in twelve-dimensions. 

This paper is organized as follows. We begin with showing that the IIB WZ terms are characterized 
by the CE cohomology in sec. 2. We introduce two free differential algebras, which turn out to 
correspond to D-branes and NS-branes. The obtained WZ terms are shown to be equivalent to those 
of the K-invariant D/NS p-brane actions found before. In sec. 3, introducing a set of new spacetime 
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super algebras, we construct the super invariant WZ terms for D- and NS-branes using the supercurrents 
on the corresponding group manifolds. The properties of superalgebras and the relations to the M- 
algebra are discussed in sec. 4. It is shown that this IIB-brane superalgebra enjoys S0(2) symmetry. 
The superalgebra is found to be lifted into twelve-dimensions with signature (11,1), while realizing the 
S0(2) symmetry geometrically, in sec. 5. The last section is devoted to a summary and discussions. 



2. Chevalley-Eilenberg Cohomology Classification of IIB-branes 

The WZ term Ly^z is known to be superinvariant up to a total derivative term. It follows that 2)- 



form /ip-i-2 = d-Cwz is superinvariant. For the p-branes Q and the IIA Dp-branes |18|, the (p-|-2)-form 
/ip+2 were characterized by being a non-trivial CE cohomology (p -|- 2)-cocycles on superspace. In this 
section, we give a classification of the IIB Dp-branes and the IIB NSp-branes using the CE cohomology 

Hi- 

For the type-IIB theory, the Poincare superalgebra is generated by the translation generator 
and 16+16 Major ana- Weyl supercharges (QaiQa) with the same chirality, as ^ 

{Qa, = (7"l)a^^a, [^a, = [^a, A] = 0, (2.1) 

where 7°'s are the ten-dimensional 7-matrices satisfying {7^,7''} = 27/"^ and 1 acts on a column 
vector Qa = (g") • The left-invariant (LI) Maurer-Cartan one- form is defined by H^Ta = U'^dU, 
where U is a group element and collectively denotes the generators of the algebra. Let {x°',9") 
be the coordinates on the corresponding group manifold, the LI one-form is expressed as 11" = dx'* + 
^{9^°'ld9) and n** = dd"' and provides a basis for the differential forms on the group manifold. The 
LI group vielbein La/^ is read off from II"^ = dZ^^ Lm^ , where Z^^ denotes coordinates on the 
supergroup manifold. Similarly, the right-invariant (RI) Maurer-Cartan one-form is defined by 
'E'^Ta = dUU~^ , and the RI group vielbein Rm^ is read off from r.^ = dZ^^ Rm^- The RI generators 
Qa of the left-translation, written as Qa = Ra^Om, are regarded as the supertranslation generators, 
while the LI generators Da of the right-translation, written as Da = La^Qm, are regarded as the 
supercovariant derivatives. The LI one-form 11"^ is invariant under the supertranslations. 

In order to classify the IIB Dp-branes, we introduce two-form JF, which is the modified field 
strength of the NS^NS two- form gauge potential as well as the LI one- form 11^. The non-trivial 
{p + 2)-cocycles are given by closed {p + 2)-forms /ip+2(n'^, 11", 11°, .F) which can not be written as 
the differential of a (p + l)-form constructed from 11°, 11", 11" and J^. The possible WZ terms will 
be characterized as some non-trivial {p + 2)-cocycles of the cohomology of a certain free differential 
algebra (FDA). 

Let us consider the FDA ^ generated by 11", 11", 11", JT and defined by the structure relations: 

du- = -ln-n^(7n),;3, (2.2) 

dU"' = 0, (2.3) 

dj' = n"n"n^(7,a3)a^. (2.4) 

The wedge product A is to be understood here and henceforth. Given a super g-form G, the exterior 
derivative acts as follows: d{F AG) = F A dG + {—l)^dF A G. The nilpotency dd = is satisfied by 



^The notation and conventions are similar to |6|. The vector indices sare a = 0, 1, . . . , 9 and the spinor indices are 
a,l3. The charge conjugation matrix is Cap and -y^i """ = . . ■ 
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the Fierz identity: (7al)(a/3(7"<^3)7i$) = 0. The super invariant closed {p + 2)-form can be expanded in 
terms of the two-form as 



r£+2 

2 



hp+2 = Y ^/i(f+2-2")(n«,n«)^", (2.5) 

n! 

n=0 

where /i(P+2-2n) 

is a + 2 — 2n)-form written in terms of 11" and 11". Assigning dimension [11"] = L, 
[11°'] = L^/^, [J^] = L^, [/ip+2] = LP'^^, to avoid introducing extra dimensionful constants, one writes 
the A;-form h^''^ with dimension L'^'^ as 

f^ik) ^ ^(fc)nai . . . n"'=-2n"n^(7„,...„,_,a('=))„^, (2.6) 

where a^'^'> is a constant and a^''^ is a 2 x 2 matrix determined below. Note that {'jai---ak-2'^^'^'')afi 
is non-vanishing when 

aC') = 1, (73, ai for — 2 = 1 mod 4, 

(7(*^) = i(72 for A; - 2 = 3 mod 4. ^ ' ' 

This immediately implies that there are no non-trivial (p+2)-cocycles when p = even. This is consistent 
with the fact that the IIB D and NS p-branes exist only when p =odd. Thus, the closed-ness condition 
dhp+2 = reduces to conditions 

d/i(^)=0, dh^''^ +h^''-^^dJ^ = k = 3,b,7,...,p + 2. (2.8) 

As a result, we find that the non-trivial hp+2 is constructed on the FDA ^ in terms of 

h^^^ = 0, (2.9) 

= an"n"n^(7a(7i)„^, (2.10) 
^(5) = a|n«in«2n«3n"n^(7„,„,„3m2)a^, (2.11) 

h(7) = a^n"i • • • n"sn"n''(7„,...agai)„^, (2.12) 

/i{9) = a^n«i • • • n«m"n^(7„,...„,m2)«^, (2.13) 

where a is a normalization constant to be set being 1 below. In the course to obtain the above 
results we used Fierz identities. In (9 + l)-dimensions, letting = 1,2,3,4, be Grassmann even 
Majorana-Weyl spinors with the same chirality, Fierz identity is expressed as 

(</.lAV2)(</'3A'04) = ^5](.^i0^.^4)(^3A'O^AV2), (2.14) 

A 

= {7«, ^7»i«2«3^ ^^^ai-asl (2.15) 

V3! V2T5! 

In addition, a useful relation is 

ai-aN _ V / pai---ajv6i---6io-JV^, , rJ\ ^9 1 fi'l 



4 



where 7^ = In particular, /ip+2 is closed due to the Fierz identities for Dp-branes: 

D-string: (7a) (7^)^)5 = 0, (2.17) 

D3-brane : {lc)ia(3(.r'%ys + ^^hia^i^'Xys = (2-18) 

D5-brane : (76)m(7""-"*')^)5 + ^i^^'''){a(iir''"''"'%s = (2-19) 

D7-brane : MiMr^-^'Xys + 6(7''^^)(aM7""-"^%)5 = 0. (2.20) 

The (anti-) symmetrization with a unit weight of indices in parentheses (square brackets) is understood. 
For D9-branes, the Fierz identity is 

D9-brane : {lb)iapi7^'-^'\ys + 8{l^''')iaph^'-^%s = (2-21) 

while h^^^^ is formally eleven-dimensional, h^^^^ is characterized by a^^^^ = and a^^^^ = g\. The 
Fierz identities ( p. 20 ) and ( 2.21| ) are obtained from ( 2.1S| ) and ( 2.18| ) respectively. One finds that the 
Fierz identities for Dp-brane are collectively expressed as 

(76)(.M7'^^-'^-^''),),- + (P - l)(7t'^^)M(7'^^-'^-^%)^ = 0. (2.22) 

In order to see that the obtained (p + 2)-forms are not CE cohomology trivial, we note that if there 
were (p-|- l)-forms 6(11", 11°^, .7^) such that dh = /ip+2, then 6's would be Lorentz invariant (p-l- l)-forms 
with dimensions [b] = L'P^^. One sees that such a b does not exist. 

D-brane actions, which are K-invariant, have been proposed in [22, 25, 26]. We show 

that our action is k- invariant by relating our action to the k- invariant action of Rescaling 
supercurrents as 11" kH"", W — > IW, where k = and kP = 1, ( |2.2| ) is transformed into 

n« = -U"'U<^{-fal)a0 and (pD and are unchanged. These are normalizations of supercurrents 
used in In this normalization, numerical coefficients of h^^\k = 3,5,7,9,11, are expressed as 

1,51, respectively. One find that the (p + 2)-forms /ip+2 constructed from these h^'^^ are 

identical to those of WZ terms obtained in ||l^. It follows that, introducing the Dirac-Born-Infeld 
action Idbi as (|3.l| ), the combined actions, I = Idbi + Iwz, are shown to be K-invariant as was done 
there, but we do not repeat this here. In this way, we find that K-invariant IIB Dp-brane actions are 
characterized by using the CE cohomology. 

In order to classify the WZ terms for NSp-branes, we consider the FDA & generated by 11", 11", ^ 
and defined by the structure relations 

dn" = -^n"n^(7"i)^^, (2.23) 

dW" = 0, (2.24) 

dg = -n"n'*n^(7„cTi)„;j (2.25) 

where Q turns out to be the modified field strength of the Ramond^Ramond (R^R) two-form gauge 
potential. The closed (p -|- 2)-form is expanded as /ip+2 = ^ ^/i*^*'^^^^"-' (H", n*^)^" where A^'^) is 
expressed as /i(^) = 6('=)n"i • ■ ■W^-^U^'U^ {-fa^...a^_^a^'''>)afi. Solving dhp+2 = 0: 

d/iW=0, dh^^'^ +U''~^Ug = 0, = 2,3,7,... ,p + 2, (2.26) 

we find 

/i(^) = 0, (2.27) 
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= 6n'^n"n^(7„a3)«/3, (2.28) 

/i(5) = ftln^i . . . U''^U^U^{ja,-a-JcT2)al3, (2-29) 

= 5^n"i • • • n"sn"n^(7,,..,,a3),;3, (2.30) 
h(^) = b'^u^^ . . . n''^n"n^(7,,...,,m2)«^, (2.31) 

where 6 is a constant to be set being 1 below. The (p + 2)-forms hp+2 constructed from these /i^'^'^'s are 
shown to be CE cohomology non-trivial, as before. As will be seen in the next section, hp^2 is related 
to /ip+2 by the S-duality. We regard the branes associated to the WZ terms characterized by the above 
as the IIB NS-branes. For the 3-brane, we call it D3-brane since the WZ term is transformed to that 
of the D3-brane by a vector- vector duality on the worldvolume gauge field (see sec. 3.2). The 7-branes 
will be regarded as the NS7-branes. 

/ip+2 is closed due to Fierz identities : 

F-string: ha)iap{l''hs) = 0, (2.32) 
D3-brane : (7c) (.Mt"''^)-,)^ + = 0' (2-33) 

NS7-brane : {^bMi^'-'^'Xys + 6(7'""-"^)(a/3(7'^^\)5 = 0. (2.35) 

In the second line of ( |2.34| ), the symmetrization of (a,/?) and that of (7,5) are understood. Note that 
( p. 201 ) is different from ( p. 351 ) while h^^^ is the same as h^^\ The identity pl3^ ) is obtained from (|1|) 
and the first hne of (|2.34D . 

For NS9-branes, the Fierz identity is 

while /i^^^-* is formally eleven-dimensional. One finds that /i^^^^ is characterized by b^^^^ = and 
The second line of (|2.36| ) is obtained from 

{l^'')af^{l%S + {llay{l^''c)^s = 0, (2.37) 

where the symmetrization of (a, f3) and that of (7, 6) are understood. We find that the Fierz identities 
for NS/D p-branes are collectively expressed as 

+ (p - l)(7['^^■■■'^-^^cT2r^)(„;3(7"-^'r)^^) = 0, (2.38) 

where t = ai for NSp-branes and t = for Dp-branes. In this way, we have classified the WZ terms 
for NSp-branes. Denoting the obtained WZ action as Iwz and introducing Idbi as ( |3.7D , one expects 
that the combined actions, I = Idbi + Iwz, are shown to be K-invariant. In fact, / can be rewritten 
as the K-invariant actions / by the redefinition of supercurrents: 11° — > all", where a = ^(1 + ^o"2), 
as will be seen in sec. 3. We expect that the same procedure employed in showing the K-invariance of 
Dp-branes will work here. 

We have classified closed superinvariant (p + 2)-forms /ip+2 and /ip+2, and then the WZ term Cwz 
for Dp-branes and Cwz for NSp-branes, respectively. In the next section, we construct the WZ terms 
for Dp- and NSp-branes (p < 5) in a manifestly supersymmetric way. 
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3. Supersymmetric Wess-Zumino Terms 



We construct the manifestly superinvariant WZ terms using the supercurrents on the supergroup 
manifolds of the corresponding superalgebras. We discuss the relations of these superalgebras to the 
M-algebra and the IIA superalgebra in the next section. 

The Dp-brane action is composed of the Dirac-Born-Infeld (DBI) action and the WZ action. The 
DBI action is (background scalars are omitted) 

Idbi = I (P+^U-dei{Tl1Ii]riab-rij). (3.1) 

where M.p+i is the world volume of the Dp-brane and 11" is the puUback to the world volume of the 
supercurrent corresponding to translations. The two-form JT is the modified field strength of the 
NS^NS two-form gauge potential B*^^\ and defined hj T = dh — B^^\ where h is the Born-Infeld U(l) 
gauge field on the worldvohime. The DBI action is manifestly supersymmetric. 
The WZ action for Dp-branes is defined as 

Iwz= I e^AC, C = 0C("), (3.2) 

JMp+i n 

where C is characterized by the pTillback to the worldvohime of the n-form R®R gauge potential 
2 rpj^g -^VZ action Iwz is superinvariant. The invariance is however not manifest, since the 
integrand defined by Lwz = \&'^ A C]p_|_i is not superinvariant. The WZ term is said to be quasi- 
superinvariant; superinvariant up to a total divergence, SCwz = dO. We show that the WZ term for 
Dp-branes can be constructed to be manifestly superinvariant in terms of supersymmetric currents on 
the corresponding supergroups. To do this, we recall that we have introduced hp+2 as /ip+2 = dCwz 
in the previous section. It follows that 

^(3) ^ ^(2)^ (3 3) 

= dc(^) +djrc(2), (3.4) 
^(7) = +dJ^C(^), (3.5) 
^(9) =dC(«)+dJ^C(6). (3.6) 

We determine C^^\k = 2, 4, 6, by solving the above equations recursively in terms of supersymmetric 
currents on the supergroups manifolds corresponding to spacetime superalgebras for D-strings, D3- 
branes and D5-branes, respectively. 

For NSp-branes, the DBI action is expressed as (omitting the background scalar fields) 

Idbi= I dF+^J-deiiU-mriab-Qij), (3-7) 

and is manifestly superinvariant. The Q is defined hy Q = dc— C^^\ where C^^^ is the R(8)R two-form 
gauge potential and c is a worldvolume gauge field. Instead of the DBI action, one can use the kinetic 
term of the Green-Schwarz action for F-strings, which is manifestly supersymmetric too. We define 
WZ action as 

iwz= f e^AB, i3 = - ^(2) ^ ^(4) _ ^(6) + ^(8) _ ^(10) _ (3 8) 

^We do not distinguish spacetime gauge potentials and the pullback to the worldvolume of them, but use the same 
characters, throughout this paper. 
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We have introduced /ip+2 as /ip+2 = dCwz in the previous section. It follows that 

/,(3) = _d^(2)^ (3.9) 

U^) = dB^^'^ - dgB^'^\ (3.10) 

U^) = dB^^'^ - dgB^^\ (3.12) 

We show that B^''\k = 2, 4, 6, can be constructed in terms of supersymmetric currents on the super- 
groups manifolds corresponding to spacetime superalgebras for F-strings, D3-branes and NS5-branes, 
respectively. 

3.1 D- and F-strings 

In order for the present paper to be self-contained, we begin with describing the IIB D- and F-strings 



following Hill. 



For D-strings, we introduce LI Maurer-Cartan (MC) equations corresponding to supertranslations: 

dw = -in«n/^(7n)„^, 

dn- = 0, ^■^•^"^^ 

and D-strings: 

dn^' = -n/^n,'(7n)^^-n^n"(7,ai)^^, ^- ' 

which are T-dual to the MC equations for DO- and D2-branes obtained from the M-algebra as will be 
seen in sec. 4.2. MC equations contain equivalent information about the algebra: 

[Da, Db} = fAB^Dc ^ dU^ = -^n^ A n^/AB^, (3.15) 

where Da is dual to 11"^ and denotes the LI generators of the right-transformation collectively. The 
structure constants of the supersymmetry algebra generated by the RI generators Qa of the left- 
transformation is identical to those of the algebra generated by the LI generators Da of the right- 
transformation up to a sign. Keeping this in mind, we call the MC equations of the LI one-forms 
the dual to the superalgebra for short, throughout this paper. The Jacobi identities of the algebra 
are satisfied if and only if the integrability conditions = on the dual forms hold. We call the 
superalgebra corresponding to ( ^.13 ) and ( |3.14 ) the D-string superalgebra. The supersymmetric WZ 



term Cwz = C^^-* for D-strings is constructed in terms of these supercurrents on the corresponding 
supergroup manifold as^ 

q{2) ^ -U'^Ua' - ^W'Ua'. (3.16) 

In fact, one can see that dC(2) = n"n'^n''(7aCJi)„^, and then /ig = h(^\ which is {^J^ given by the 
FDA 5, is obtained. This is consistent with (|]25|) of the FDA 6. 

^This (puUback of the) two-form gauge potential C'^' is not used for the D-string action, rather is used for {p, g)-string 
action. We do not distinguish between them throughout this paper. 
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In turn for F-strings, MC equations for supertranslation ( 3.13| ) and F-strings: 

are needed. We call the corresponding superalgebra the F-string superalgebra. In terms of these 
supercurrents on the corresponding supergroup manifold, supersymmetric WZ term Cwz = —B^"^^ for 
F-strings is constructed by 

5(2) = -n'^n^ - hr'Ua. (3.18) 

In fact, one can get dB^'^^ = —Il"''n°'Il^{'ya(T3)ai3, and then /13 = h^^\ which is (|2.28| ) obtained from 

the FDA 6. This is consistent with (U) of the FDA ^. 

New coordinates for D- and F-string charges are contained in a total derivative term, h^^^ and 
can be regarded as the pullback to the worldvolume of the field strengths of the spacetime 

gauge potentials, H^^-* = dC^^^ and — G^^^ = —dJi^'^\ which are invariant under the spacetime gauge 

transformations 

<^C(2)=dA«, <5B(2)=dr!W. (3.19) 

We regard ^B^^^ and C^^^ as (the pullback to the worldvolume of) the spacetime gauge potentials B*-'^^ 
and C^^-', respectively. The S-duality 

B(2)^_C(2), c(2)^b(2), (3.20) 



maps the F-string WZ term Cwz to the D-string one Cwz- The S-duality transformations ( |3.20| ) can 
be expressed as a set of transformations of the supercurrents: 

n,^-n„', n„'^n„ n^^^n'', ^ -^n^', n^'^^n^, (3.21) 

where a = ^(1 + ^(^2)- These transformations are regarded as the generalized R-symmetry which 
acts not only on 11" but also on IIq,' and IIq,, as will be seen in the sec. 4.2. 

3.2 D3-branes 

For D3-branes, we introduce MC equations: 

dllabc = ^n"n^(7afec«cr2)Q/3, 

dUaba = U^Ilabc{Yl)c,0 " n^n^(7afecicT2)a/3 + 20^0^ (76^1 )„^ + 2n/'n„' (7^(73 )a/3, 
dUa^P = -^Uabcn\jn)^p + in,f^nT(7^1)^^ + 2Uaba^'y{j''l)p^ - ^U'>W{jabcicT2)c.p 
-^Il''Ub'{-faa3)a0 - ^n''Ub{jaCTl)c,p + W'Ua' {jb(T3)aP + Ii^^I^a{7b^l)aP 
-in'>n^'(7,CT3)„^ - lWILy{-faai)c,l3 - lUbUa'{-fH)^0 - lUaUb'i-/''l)^i3 

020:3 5II^IIciQ,jQ,2 

(7'^i)o3^-3n„'n,,,(7n; 

+3n„n«/(7n)c,2a3 - 5U^^aAla(^3)a,as " 5U^^a^{la'7l)a2a3, 



(3.22) 



0203 



in addition to MC equations for supertranslations ( |3.13D , F-strings ( |3.17D and D-strings ( 3.14 ). We call 



the superalgebra corresponding to ( ^.131) , ( 3.17|) , (|3.14| ) and ( 3.22| ) the D3-brane superalgebra. The 



MC equations (|]22|) are T-dual to those of D2-branes and D4-branes obtained from the M-algebra as 



will be seen in sec. 4.3. 
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We find that the super symmetric WZ term is constructed as 



=C(^) +^AC(2), (3.23) 

where 

= C(^) + ic(2)B(2), (3.24) 
1 2Q 3 1 

-An»n„c(2) + An"n,'B(2), (3.25) 



and C(2) and B^^) are found in (|3.16|) and ( |3.18D , respectively. In fact, this implies 



JC(4) _ di3(2)c(2) = \u''^U''^U--m^Ul^i^a,a,a,icT2)a0, (3-26) 

and the right hand side is the h^^^ found in ( |2.11| ), that is dCwz = ^5- This supersymmetric WZ term 
is equivalent to the WZ term obtained in sec. 2 up to a total derivative. New coordinates are contained 
in a surface term as was shown in the case of F- and D-strings. To see this, we introduce coordinates 
and O"' on the supergroup manifold associated with the generators for the supertranslations Pa and 
Qa, respectively. One finds that for any parametrization of the supergroup manifold the supercurrents 
n'* and are expressed as W = dx"^ + ^{e-f'^lde) and = dO"', because of the fiber bundle structure 
of our superalgebra with the ordinary superspace characterized by ( |3.13| ) being the base space. This 
implies that the terms containing new coordinates in Cwz are eliminated by an exterior derivative d 
and thus contained in a surface term. This is a universal property of our formulation. 

We can construct the WZ term for D3-branes in a different form. The supersymmetric WZ term 

is 



where 



In fact, one can show that 



Cy^,z = B^^^ - a A ^(2) (3.27) 



^(4) = c(^)-ic(2)B(2). (3.28) 



d^(^) + dc(2)e(2) = in'^in'^2n'^3n"n^(7„,,,„3m2)«/3, (3.29) 



and the right hand side is the h^^^ found in (2.29). We have shown that dCwz = ^5 and new 



coordinates are contained in a surface term as was seen above. The super invariant WZ terms Cwz 
and Cwz are equivalent to those obtained in sec. 2 up to a total derivative, and thus the total actions 
are K-invariant. 

Now let us comment on the relation between Cwz and Cwz- First, / = Idbi+Iwz is transformed 



to I = Idbi + Iwz by a vector- vector duality transformation ||2^, ^ , b ^ c. We add a Lagrange 
multiplier term ^A^^Tij — 2dibj + ^[f) to /. Solving for 6j imphes that A*-' = —e^^^^dkCi, where 
Ci is a vector field dual to hi and turns out to be the worldvolume gauge field associated with the 
Rt^R two-form C*-^^. One obtains I after eliminating Tij using the equations of motion. The term 
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' emerff ed in (|3j|) and (|338D in our formulation. This is consistent with the spacetime gauge 



2 

transformations as will be seen below. 

Second, the action / is mapped to the action / under the S-duality transformations: (|3.20|) and 

C(^)^C('^), (3.30) 
Q^T, r^-G, c^b, b^-c. (3.31) 

These two imply that / is self-dual by itself under the S-duality and the worldvolume vector-vector 
duality transformation. The same is true for /. 

Third, h^^^ and are identical from the expression in terms of the supercurrents as well as 
the spacetime gauge potentials. These are regarded as the puUback to the worldvolume of the field 
strength H^^^ of the spacetime gauge potential C*-^-* 

h(5) = jc(^) - ic(2)dB(2) + iB(2)dC(2). (3.32) 

The Bianchi identity is dH^^) - H^^^G^^^ = 0, which corresponds to d/i^^) + h^^'^dJ^ = of (|2]|) or 
dh^^") + h^^^dG = of ( |2.26| ). H^^^ is invariant under the spacetime gauge transformations: ( p. 19] ) and 

<5C(^) = dA(3) + ldA(i)B(2) - idO(i)c(2). (3.33) 

and G are gauge invariant by definition of the gauge transformations of the worldvolume gauge 
fields b and c: 6b = duj + fi^^^ and 6c = dX + A^^\ where w and A are worldvolume scalars. The gauge 
invariances of Iwz and Iwz are equivalent to the gauge quasi-invariances of Cwz and Cwz, and then 
to the gauge invariances, 5/i(5) = = and = 6U^^ = 0. These are guaranteed by the gauge 
invariances of H(5), H(3) and G(3). 

Finally, the S-duality transformations ( 3.3C| ) can be expressed as a set of transformations of 



supercurrents: (|3.21| ) and 



Uabc^^abc, ^aba ^ ^ab(aa), ^aaP ^ ^a{aa){al3) j ^al3'y ^ ^{cTa){al3)icTy) , (3.34) 

where ^ab{aa) — '^(n"^°) These transformations are shown to be the generalized R-symmetry, 
and thus the S-duality is realized as an automorphism of the D3-brane superalgebra, as will be seen 
in the sec. 4.3. 

3.3 D5- and NS5-branes 

For D5-branes, we begin with MC equations listed in the appendix A, in addition to those for super- 
translations (|3.13| ), F-strings (|3.17|) , D-strings (|3.14|) and D3-branes (|3.22D . We call the corresponding 



superalgebra the D5-brane superalgebra. We find that the supersymmetric WZ terms for D5-branes 
can be constructed in terms of the supercurrents on the corresponding supergroup manifold as 

Cwz = + .FC W + 1.^2^(2) ^ (3.35) 



where 



= c(6) + iB(2)c(^) + iB(2)B(2)c(2) (3.36) 
3 6 
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and 

1 281 'i2 

^ 9Q^^ 13860 ^1 3465 ^^0102030(8 



'i2 3 4 1 



3465 770 1155 """^ 1540 

+ Ab(2) (B(2)n'^n„' - c(2)n"n„) - ^WHaiB^^^n'^Ub' - &^^u^nb). (3.37) 



In fact, one finds that 



dc(6) + c(4)dj^ = ^n«i • • • n'^«n"n^(7„,...„,c7i)«^, (3.38) 



so that cii2vi/z = /ly. The super symmetric WZ term is thus obtained, and new coordinates are contained 
in a surface term, due to the fiber bundle structure of our superalgebra. 

For NS5-branes, we use the MC equations Hsted in the appendix B in exchange for those for 
D5-branes. The corresponding superalgebra is called the NS5-brane superalgebra. We find that the 
supersymmetric WZ term for NS5-branes can be constructed as 

l^z = + GB^^^ - ^g^B^^\ (3.39) 



where 



and 



23(6) = b(6) - ic(2)c(4) + ic(2)c(2)B(2) (3.40) 



1 281 52 

3(6) ^ — jjai . . . n«5n^s ^ jjai . . . n"4n"n^^ + — n'^in'^^n^sn^n'^n^^ „ 

QQ ai-as 13860 a\---aAOi 3465 aioiasap 

13860 01020:10:20:3 462 aai-o:4 6930 o:i-o:6 



-n'^n„' 



: ' 1 aap -■ qqca oip'y 



1155 165 ""^ 13860 

"52 3 4 1 

-3465 770 1155 1540 

+ Ac(2) (c(2)n"na - B(2)n«n„') - — n"n„'(c(2)n^nb - B'^WUb'). (3.41) 

385 231 



In fact, one find that 



-di3(6) + B^^^dJ^ = ^n«i • • • U-m^uP{^a,-a,cr3U, (3.42) 



so that dCwz = h^. The supersymmetric WZ term is thus obtained, and new coordinates are contained 
in a surface term. In summary, we obtained the superinvariant WZ terms JCwz and Cwz of D5- and 
NS5-branes respectively. The total actions are identical to those found in sec. 2 up to a surface term, 
and K-invariant. 
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The relations of the superinvariant WZ terms of NS5- and D5-branes are as follows, /i(^) and 
are regarded as the pullback to the worldvolume of the field strengths H^^^ and — G^^^ of the spacetime 
gauge potentials C*^^^ and B*^^) 

h(7) = dc^'^) - -C(4)g(3) + iB(2)H(5), G(7) = dB(6) + -C(^)h(3) - -C^^)^^'>\ (3.43) 
3 3' 33 ^ ^ 

The Bianchi identities are 

rfH(7) _ h(5)g(=') = 0, dG^'^ + H(^)h(3) = 0, (3.44) 

which correspond to d/i^^) + h^^'^dj' = of (|2j) and d/iC^) + /i^^^d^ = of < ^J2^ . The field strengths 
( |3.43| ) are invariant under the spacetime gauge transformations: ( |3.19[ ), ( |3.33| ) and 

5C(6) = dA(5) + f (iA(3)B(2) - idJ7(^)cW - idJ](i)B(2)c(2) + \dK'^^'^B^^^B^^\ (3.45) 

o o D u 

5B(6) = - -dA(3)c(2) + idA(i)cW - -dA(^)B(2)c(2) + -dn^^^C^^^C^^l (3.46) 
3 3 6 6 

The gauge invariances of / and / are assured by 5h^'^'> = and 5hP^ = 0, which are guaranteed by the 
gauge transformations (|3.19| ), (|3.33| ), (|3.45 ) and ( |3.46| ). Thus we have obtained the gauge invariant, 



K-invariant and manifestly superinvariant IIB D/NS5-brane action. 

The WZ terms Cwz for D5-branes and Cwz for NS5-branes are related by the S-duality: ( 3.20|) , 



(CT) , (13:311) and 

B(6) ^ _c(6), c(6) ^ b(6). (3.47) 

Under these transformations, the DBI actions Idbi and Idbi are interchanged, and thus the obtained 
actions / and / are S-dual to each other. The S-duality transformations are expressed as transforma- 
tions on the supercurrents as 

a\---an{cra)^ a\---azotp ai---a3 (ctq:)((t/3) ' 

_Y[D XlNS _^ _YlD 

a(crai)---{cra4)' Q-l -af, a{cFai)--{aar,)^ (r, aq\ 

Y\NS ttD ^TT^'^ (.O.^Oj 

ai---a4(crQ:) ' ai-'-asa^ a-i---a-j,(cjQ.){aP)^ 

TINS ^ n^^ 

a((TQ!i)---(o-a4)' '-'-OLi-ar^ a{aai)—{(jaz)' 

These transformations are shown to be the generalized R-symmetry, and thus the S-duality is realized 
as an automorphism of our superalgebra, as will be seen in the sec. 4.4 and 4.5. 

3.4 Reduction to N=(1,0) 

Our superalgebra contains N=(1,0) superalgebras as its subalgebra. 

The F-string superalgebra corresponding to ( |3.13| ) and ( p. 17 ) is schematically described as 



-^■^ai ■ 


■as ~ 


■^■^ai ■■■as 1 






Y^NS 


a -i ~ 


aia2{<jai)---{<ja3) ' 




■on 




■15 ~ 










"3 ~ 


a-ia2{crai)---{cra-j,)^ 




■0:4 



{Qa,ga}~P+, [Qa,i^"]~^", (3.49) 

where denotes it Z". The quotient algebra with respect to the ideal {Qa, P~ , Z'^} is the N=l 
superalgebra found in |11]. The WZ term for N=l F-strings is characterized by h^^^ = Il°'Il'^Il^{'ya)ai3- 
One finds that the superinvariant WZ term is expressed as Cwz = —B^"^^ where B^'^'^ = — Il'^IIa — 
^II'^nQ,. This agrees with the one found in |1C]. 
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Keeping only Q^, and z^^'"^^, where A collectively denotes a and a, in the NS5-brane super- 
algebra, we obtain N=(1,0) NS5-brane superalgebra, which is similar to those obtained in (with a 
trivial scaling ofUai-.-ary)- The WZ term Cwz is characterized by h^'^^ = ^H^i • • • H'^^U^'Il^ {'yai--a5)af3- 
The superinvariant WZ term is Cwz = —B^^^ where 

1 281 ^2 

QQ ai-'-ag 13860 ai---a4a 3455 61102030^ 

47 1 

+7^n"^---n"^<-5- (3-50) 



The new coordinates in the WZ term are found to be contained in a surface term. 



4. The IIB-Brane Superalgebra 

In the previous section, we have introduced a set of super algebras. Let us derive and discuss these 
superalgebras with keeping the relations to the M-algebra in this section. 

Foe this purpose, we briefly describe the relation of branes in the type-IIB theory to those in the 
M-theory. Eleven-dimensional M-theory contains 32 Majorana supercharges Qa- The 528 components 
of the anti-commutator {Qa, Qis} of the supercharges are decomposed into generators for translations, 
M2-branes and M5-branes as 528 = 11 + 55 + 462: 

Translation 11 
M2-brane (M9-brane) Z^" 55 
M5-brane (MKK6-brane) Z^i-^^s 462 

where . . . are eleven-dimensional Lorentz indices. In the parentheses, we write the branes corre- 
sponding to charges with a time index. One calls these branes M-branes collectively. 

The IIA-branes in ten-dimensions are obtained by a dimensional reduction of the M-branes with 
respect to eleven-th direction, say [^-direction. The 32 components of Majorana supercharges in eleven- 
dimensions are reduced to 16+16 Majorana- Weyl spinors {Qa,Qa) with the opposite chirality. The 
IIA-branes are related to the M-branes as 



Translation 


Pa 


9(1) 


DO-brane 




1 


F-string (NS9-brane) 


Z^" 


9(1) 


D2-brane (D8-brane) 




36 (9) 


D4-brane (D6-brane) 




■■''4 126 (84) 


NS5-brane (KK5-brane) Z^i" 


''s 126 (126 



where a,b, . . . are ten-dimensional Lorentz indices. The generators for translations and DO-branes 
originate from those for translations in eleven-dimensions, the generators for F-strings and D2-branes 
from those for M2-branes, and the generators for D4-branes and NS5-branes from those for M5-branes. 

The IIB-branes are related to the above IIA-branes under a T-duality transformation. The type- 
IIB theory is chiral, which has 16+16 Majorana- Weyl supercharges {Qa, Qa) with the same chirality. In 
order to change the chirality of a half of the II A supercharges, Qa are multiplied by a ten-dimensional 7- 
matrix j^, where the [|-direction is a space- like direction with respect to which a T-duality is performed. 
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One finds that the obtained algebra is rewritten in a ten-dimensional covariant form under the following 
identifications of the IIB-brane charges and the M-brane charges: 



Translation Pa = Pi® Z'^^ 10 

F-string (NS9-brane) Z"" = Z'^^ ® P^ 9(1) 

D-string (D9-brane) = Z^' ® P^ 9 (1) 

D3-brane (NS/D7-brane) S'^^'^ = ZW^i^ © Z^i 84 (36) 

D5-brane j^mi-ms ^ z'^^p^p^p^ © zllPi-P4 126 

NS5-brane ^mi-mg _ ^Spi-p4 ^ _^0ttpiP2P3 126 

KK5-brane pO»ni...m4 ^ ^Opi-P4 ^pi-ps 126 

where m runs all of the nine spacelike directions, but p runs except for the jj-direction. i runs ten 
spacetime directions except for the (J-direction. The D5-, NS5- and KK5-brane charges are self-dual. 
The "~" means the equivalence up to the self-duality relation. It follows that the S-duality in the 
IIB-branes is rephrased as a modular transformation on T"^ spanned by (^,tt)- 

4.1 M-algebra, IIA-brane superalgebra and T-duality 

The ordinary superspace, which is the supertranslation group ("superPoincare"/"Lorentz") generated 
by Qa = {Pa,Qa) is regarded as a generalization of the spacetime which is the translation group 
( "Poincare" / "Lorentz" ) generated by Pa (Lorentz group is an automorphism of the algebra). We 
now extend the ordinary superspace to those spanned by generators of p-branes Z^^"'^p as well as 
Qj^. In order to consider the relations of the IIB-brane superalgebra to the M-algebra, we begin with 



describing the M-algebra [20|, which is an eleven dimensional superalgebra generated by 



Supertranslation Qm <^ 

M2-brane (M9-brane) Z^^^ ^ Umn 
M5-brane (MKK6-brane) Z^^i-^^^^ ^ Um^-Ms 

where eleven-dimensional Lorentz indices /i and 32-component Majorana spinor indices a are collec- 
tively denoted as M,N,---, so that Qm = {P^,,Qa), Z^'^^ = {Zf" , Z^''' , Z^^), etc. The right hand 
sides of arrows denote the corresponding LI one-form on the supergroup manifold. 

The IIA-brane superalgebra is obtained by a dimensional reduction of this M-algebra to ten- 
dimensions, and generated by 



Supertranslation 


Qa 






= 


= (n",n",n°) 


F-string (NS9-brane) 


Z^ 






Ua = 


= (nt]a,ni,o,n^Q, 


DO-brane 








n = 


= (n^) 


D2-brane (D8-brane) 


j^AB 




Has = 


= (Hafe, • • •) 


D4-brane (D6-brane) 




■A, ^ 




-Ai = 


= (IIt|aj...a4, • • •) 


NS5-brane (KK5-brane) 




■As ^ 




-As = 


= (Ilai-.-as ) ■ ■ ■) 



where the indices A,B,--- collectively denote ten-dimensional Lorentz indices a and 16-component 
Majorana- Weyl spinor indices a and a with positive and negative chirality, respectively. Branes 
corresponding to the generators with a time index are listed in parentheses. Dots denote the forms 
with Lorentz indices exchanged for spinorial indices of the corresponding forms. 



We omit "superstring" contained in the M-algebra. 
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In order to obtain the type-IIB theory, we must take a T-dual with respect to a space-hke direction 
xK As a T-duahty transformation (see Q), we perform a dimensional reduction to nine-dimensions 
with respect to and change the chirahty of dotted spinors by multiplying 7" as: Ilaa = {'l'^)^a^a$ 
etc. 

One may apparently expect that the IIB-brane superalgebra would be completely obtained by a 
T-duality from the IIA-brane superalgebra. We find however that the generators of supertranslations, 
F-strings, D-strings and D3-branes originate from those of the IIA-brane superalgebra, but some 
charges of IIB D5- and IIB NS5-branes are not obtained by a T-duality as will be seen below. 

4.2 Supertranslations, F-strings and D-strings 

The superalgebra in presence of F-strings and/or D-strings are related to those in presence of F-strings 
and/or DO- and D2-branes in the IIA superalgebra under a T-duality. This is found to be rewritten 
in a ten-dimensional covariant form under the identification WEA: 



Supertranslation Qa^W = {U\U^^^), B" = H", 
F-string ^Ua = (H^i, HB), II<, = H^^^, 

D-string ^ 11', = -B^), fi;, = B^, 



(4.1) 



The F-string superalgebra is generated by {Qa^ Z^) and the corresponding MC equations are ( 3.13| ) 
and (p. 17). The D-string superalgebra is generated by {Qa, and the corresponding MC equations 



are ( |3.13| ) and ( p. 14 ). We denote these superalgebras as and sP[T,^], respectively. The Jacobi 

identities, or equivalently the integrability conditions d? = 0, are guaranteed by the Fierz identities: 
(7a)(a/3(7°)7(5) = ^^i F-strings, and {'^a)a{i3{l"')-y5) = foi^ D-strings, which are encountered in ( p.32| ) 



and (2.17) in the CE cohomology classification of IIB-branes. 

The S-duality is expressed as a modular transformation on spanned by (tl,tJ). Now, this 
generalizes to include new fermionic generators Bq, and B^. One finds that under the S-duality 
transformation ( 3.21 ), the spacetime superalgebra ( 3.17]) interchanges with ( 3.14 ) and ( 3.13 ) stays 
invariant. 

The superalgebra generated by generators listed in ( [4. 1[) , denoting contains various 

subalgebras. Noting that new fermionic generators are the centers of the algebra and 
that Z"' and are the centers of the algebra sP[Z", E"], one finds 



sP[Z^, S^] 



D < 



Z°'Z° 



)] 



D sP, 



(4.2) 



where sP is generated by Qa as ( |3.13| ). The superalgebra contains sP[Z"^] or sP[S^] as 

a subalgebra since Z^ and are ideals of the algebra sP[Z , T, ] 



sP[Z 



A J.A. 



D < 



sP[Z^] D 



spirz. )] 



.P[( -)] ^^'^f'^^' 



D sP. 



(4.3) 



Due to the property that the superalgebras contain sP as a subalgebra, coordinates corresponding to 
the generators Z^ and T,"^ are not contained in supercurrents B"^. The fiber bundle structure with 
the base space sP is a universal structure of our superalgebras. 
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4.3 D3-branes 

The D3-brane charges with three bosonic indices are related to those of the wrapped D4-brane and 
unwrapped D2-brane in the IIA superalgebra, which are and zWPiP2P3 the M-algebra, where 

Pi runs 1 to 9 except for t|. We find that the superalgebra obtained by a T-duality from the IIA D2- 
and D4-brane superalgebra is rewritten in a ten-dimensional covariant form and the D3-brane charges 
■^ABC completely determined in terms of the charges in the M-algebra: 



D3-brane S^^'^ 



Ilafec = (J^ijk = n^Jijfcjnjjjj = — Iljj), 



The S-duality, which is a modular transformation on spanned by (ll,tt), generalizes to include new 
fermionic generators S"^", S""'' and YP'^'^ . We obtain the D3-brane superalgebra (dropping hats) 
found in ( 3.22| ). Jacobi identities are satisfied due to 



il'^'cUpilL^) + 2{^^'^)^^p{^\s) = 0, (4.5) 



which is the characteristic identity of D3-branes, and encountered in ( |2.18| ) in the CE cohomology 
classification of IIB-branes. 

The S-duality was expressed as a set of transformations of supercurrents: ( ^.211) and ( 3.34 ), which 



is a generalization of the R-symmetry. We find that these transformations leave the MC equations 
( |3.22| ) for D3-branes invariant. The S-duality associated with the generalized R-symmetry is realized 
as an automorphism of our algebra. 

Interestingly, we find that the existence of the D3-brane charges Z^^'^ in the superalgebra nec- 
essarily requires the presence of the F-string charges and the D-string charges S^, while the N=l 
p-brane superalgebra [ |13| is generated by supertranslation and p-brane charges. This is a character- 
istic feature of our superalgebras. This is consistent with the fact that the WZ terms for D3-branes 
are composed of the spacetime gauge potentials which couple to D3-branes, D-strings and F-strings, 
or that the gauge field strength of the four-form gauge potential which couples to D3-branes contains 
the gauge potentials which couple to D-strings and F-strings. 

The D3-brane superalgebra contains the F- and D-string superalgebras as subalgebras. In addi- 
tion, the D3-brane superalgebra contains various subalgebras. We assign a degree {p; q, q) to the dual 
form n s 5 of generators. Under an operation of the differential d, the forms with degree 

{p; q, q) transform to those with degree: 

(p + 2;g-2,g), (p + 2;g,g-2), 
{p+l;q-2,q + l), {p + l;q - l,q), (p+l;g,g-l), (p + 1; g + 1, g - 2), (4.6) 

and those with degree (p'; q' -.q') where p' + q' + q' = 1. In order to close an algebra, Jacobi identities, 
or equivalently <P = 0, must be satisfied. A subalgebra is generated by the forms with degree (p; g, g), 
those with degree ( [4. 61 ) and those obtained by differentiating the forms with degree ( [4.61 ). The new 
generators TP'^ are the centers of the D3-brane superalgebra S"^, S"^^*^], and the new gener- 

ators S'^"^ are the centers of the subalgebra sP[Z'^, S"^, S*^"^^], and so on. In addition, Z", TP and 
E"^'^ are center of the algebra S"^, S"^'^]. In general, letting g be a Lie algebra, the sequences 

[}°, f)^, • • • defined by f)° = 5, f)^ = [g, ()], = [s, f)"*^], • • • , f)" = [s, f)"'""'^], • • • , is called the descending 



17 



central sequence. These satisfy f)*^ D f)^ D f)^ D • • • D f)" D • • • and f)^, f)^, • • • are ideals in g. 
In our case, the descending central sequence is i)^ = sP[Z^,T,^,Il^^'^], f)^ = {Pa, Z^,T,^,I1^^'-^}, 
f)2 = f)3 = {S"''^}, f)^ = and i)^ = {0}. Our algebra is nilpotent and ide- 

als f)^, f)^, f)^ and f)'^ are said to be proper. Especially, f)^ is abelian ideal, said to be the center in 
sP[Z^, S"^, S^^*^]. For a given ideal /, the quotient Lie algebra is defined by g/ ~, where ~ denotes 
the equivalent relation: x ~ x + / for x £ Q. The quotient Lie algebra g/ ~ is a subalgebra of g. It 
follows that the D3-brane superalgebra contains various subalgebras: 



sP[Z 



A j^A Y^ABC 



J^ABa 



D < 



D sP[Z^, T.' 



4.4 D5-branes 




)] 



)] 



I J^'^I'C )\ 



)] 



D • • • D sP. 



(4.7) 



The D5-brane is related to the unwrapped D4-brane and the wrapped D6-brane under a T-duality. 
The 126 D5-brane charges with five bosonic charges E™'!"'™'^, mj = 1, • • • , 9, are obtained from the 70 
D4-brane charges Z^p^-p* and the 56 D6-brane charges Z^^p^p^p^, as SUpi-p* = Z^p^-p^ and Y^p^-p^ ~ 
^\i0pip2P3^ where "~" denotes the equivalence modulo the self-duality relation. Thus, the charges 
naturally related to those in the IIA superalgebra are not but 5]liji-i4_ Under the identification 

of the D5-brane charges with the charges in the M-algebra, 



D5-brane ^ fl^^...^^ 



-n 



(4.8) 



where / collectively denotes i and a, we find that the resultant superalgebra is rewritten in a ten- 
dimensional covariant form. For example, the MC equation 



D 

\i1i2i3a 



-'^'^%ii^iii2h])a^ + 4n^n[j,^i^(7i3])„^ 



(4.9) 



is obtained from the IIA D4-brane superalgebra, where hatted forms are defined in ( [4.1D , (4.4) and 
( [4.8] ). The corresponding Jacobi identity is found to be satisfied by a (abed) = (jjii ■ ■ ■ i^) part of the 
Fierz identity 



((/.7e(/')(V'7"'/') - 4((/>7[»(V'7''''lc/') = 0, 



(4.10) 



which is appeared in ( 2.19 ) in the CE cohomology classification of IIB-branes. It follows from this fact 
that the obtained superalgebra can be lifted into a ten-dimensional covariant form. In addition, the 
superalgebra can be expressed in terms of S0(2) doublets of the supercurrents: ^ai -a4a — {j^'d '''^°') 

etc. As a result, we obtain the MC equations for the D5-brane charges (^ 
A. 



^( A.5 ) in the appendix 
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In order to construct the supersymmetric form of the WZ term for D5-branes, we need the charges 
with five spinorial indices However, the charges with five spinorial indices obtained by a T- 

duahty from the IIA superalgebra, or equivalently the M-algebra, turn out to be the IIB KK5-brane 
charges, as will be seen in sec.^^. We here introduce the corresponding generators to the algebra for 
D5-branes. Let us note that under an operation of a differential d, the degree (p; q, q) of the form of 
the D5-brane superalgebra is transformed into a set of the D5-brane charges with degree ( [4.61) . This is 
a universal property of our superalgebra: F-string, D-string, D3-brane and D5-brane. The D5-brane 
superalgebra supplied with turns out to possess this property too. This property helps us to 

construct the MC equations for the charges with five spinorial indices. We can construct the Maurer- 
Cartan equation ( A. 61 ). We find again that the existence of the D5-brane charges necessarily requires 



the existence of the charges of superalgebra generated by supertranslations F-strings, D-strings and 
D3-branes. This is consistent with the form of the WZ term for D5-branes, or of the seven-form field 
strength H^^^ of the six-form R(8)R gauge potential C^^^. 

The D5-brane superalgebra contains various subalgebras. The descending central series are t)^ = 

|5.a/3A^5.a/3AiA2A3}^ ^ 15.^.^7^ s"^7AiA2 1^ (^5 ^ ^j^a^-a^A,^ ^ [^6 ^ {5]"i-"5}^ ^7 = {Q}. These are 
the ideals of our algebra, and f)^ is the center of S^, S^^'^, S^i'^^s], xhe generators S""!-'^* 

are the centers of the subalgebra sP[Z^, S"^, S^^*^, S'*"^!'""^"]^ ^nd so on. It follows from this fact that 



: D • • • D 

^plyA ^ABC( S"r— 4/3...E'3r-/35Nn 

D^^l^'-^'f"""! , ,D...3.P. (4.11) 

4.5 NS5-branes 

As is well known, under a T-duality: R ll/R and Qs Iggs/R, where gs and Is denote the string 
coupling and the string length, respectively, and R is the radius of the jj-direction, the tension R/g'^l^ 
of the wrapped IIA NS5-brane is transformed into the tension R/g'^l^ of the wrapped IIB NS5-brane. 
The tension R^ / gll^ of the IIA KK5-brane, with the R identified with the radius of the 5^ of the Taub- 
NUT geometry, is transformed into the tension l/g^lg of the unwrapped IIB NS5-brane. The 126 IIB 
NS5-brane charges with five bosonic indices g^j-g obtained from to the 70 IIA NS5-brane charges 

Zipi-Pi and the 56 IIA KK5-brane charges Z^^p^p^p^, as Z^p^-p* = Z^p^-p^ and ZP^-p^ ~ ^tt0piP2P3^ 
where "~" denotes the equivalence modulo the self-duality relation. The charges naturally related to 
those in the IIA superalgebra are not Z"^^'""^^ but Z''*^"'*''. Under the identification of the charges of 
the M-algebra with those in NS5-brane superalgebra: 

NS5-brane Z^'^-'^ ^ Il^f ..^^ = (4.12) 

we find that the algebra is lifted into a ten-dimensional covariant form. For example, the equation 

-4n%U7n...3])a« + ^^%^^2il^s])af3 (4-13) 
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is obtained by a T-duality, where hatted forms are defined in ( [4.1[ ), (4.4) and (4.12). The corresponding 
Jacobi identities are satisfied by (abed) = (tt«ii2^3) part of the Fierz identity in ten-dimensions 



((/>7e</.)(^7"V') - (^7eV')(07"</') + 16(</.7['')(07''''V) = 0, 



(4.14) 



which is (|2.34| ) in the CE cohomofogy classification of IIB-branes. It follows from this fact that the 
superalgebra can be lifted into a ten-dimensional covariant form. The resulting MC equations are 



NS 



found to be expressed in terms of SO (2) doublets of the supercurrents: 11^^' 



■a4a 



(al - ■ a^a \ 
ttJVS J 

al - - -aA(y- 



as the 



NS5-brane superalgebra listed in ( B.lD ^( |B.5| ) in the appendix B. 

In order to construct the super symmetric WZ term for NS5-branes, we supply the superalgebra 
with the charges with five spinorial indices Z°'^ '°'^. Noting that the MC equations for NS5-branes 
(BJ.)~(B^) possess the property that the charges with degree {p; q, q) transform into those with degree 

in the appendix B. 



(Ml , we find the MC equation (| 

We find that the existence of the NS5-brane charges in the superalgebra necessarily requires the 
presence of the charges of F-strings, D-strings and D3-branes. This is consistent with the form of 
the WZ term for NS5-branes, or of the seven-form field strength G*-''^ of the six-form NS^NS gauge 
potential B^^^. The NS5-brane superalgebra contains various subalgebras, which is expressed as ( [4.11| ) 
with replacing the D5-brane charges Yi^^'"^^ with the NS5-brane charges Z^'^'"^^. 

The S-duality was given by a set of transformations of supercurrents ( 3.21 ), ( p. 34 ) and ( 3.4g ). We 
can show that under these transformations the NS5-brane superalgebra is mapped to the D5-brane su- 
peralgebra, and thus the S-duality is realized as an automorphism oisP[Z^, S"^, S"^^*^, Z^^'""^^, x;"^^"'"^^] 



4.6 KK5-branes 

Under a T-duality, the tension l/g^lg of the unwrapped IIA NS5-brane is transformed into the tension 
R^/glll of the IIB KK5-brane with the R identified with the radius Rtn of the in the Taub-NUT 
geometry. The tension RR'^j^/g^l^ of the wrapped IIA KK5-brane is transformed into the tension 
RR^j^/g^lg of the wrapped IIB KK5-brane. The 126 IIB KK5-brane charges with five bosonic indices 
'"^■^ are related to the 56 IIA NS5-brane charges ZP'^"'P^ and the 70 IIA KK5-brane charges 
Z^Pi-P* as Z^fPiP^Ps ^ ^Pi-P5 and = z^pi-p*, where "~" denotes the equivalence modulo the 

self-duality relation. The charges naturally related to those in the IIA superalgebra are not ^0"*i--"^4 
but As was mentioned before, the algebra obtained by a T-duality is not rewritten in a 

covariant form. The MC equations for the KK5-brane charges are found in the appendix C. The 
identification of the IIB KK5-brane charges with the M5-brane charges are 

KK5-brane P^' '^' ^ ^h^h = ^h -h- (4-15) 
The characteristic identity^ for the KK5-branes is found to be 

(7^lW(7in-i4l)7« + (7''o"3)a/3(7t)n-i4Cr3)75 + (7''o"l)a/3(7t)n-MCri)75 

-3(7ttni2^cr2)Q/3(7tti3i4*o-2)7<5 = 0. (4.16) 
^Summing up with respect to (j = 0, • ■ • , 9 except for ii, • • ■ , 14, the covariant identity is obtained as 

(07e0)(i/'7"'""'''V') + (V'7eV')(<^7'''""'''0) + (</'7e'0)(V'7"'""'''0) + 3(07'''"V)(i/'7e'"*'0) = 0. 
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Under the S-duality transformation of supercurrents: ( 3. 211 ), ( |3.34| ), ( p. 48 ) and 



n---*5 iv-is' ii---i4a ii---i4{aa)^ ■'-'■1112*30:10:2 iij2«3(cro:i)((TQ:2) ' 

■'■■'■il 12010203 iii2((TOi)(CTQ:2)((TQ:3)' ■'-'iai---Q:4 i((TQ:i)---(crQ:4) ' ■'-'oi-'-as ''''((7ai)---{cras)^ 



the MC equations ( C.lD ^( |C.6D for the KK5-brane charges stay invariant. We find that the exis- 



tence of the KK5-brane charges in the algebra necessarily requires the presence of the charges of 

D-strings, F-strings, D3-branes, D5-branes and NS5-branes. The descending central series are = 

= {p^,Z^,E^,E^-SC^5^Ai...A5^^Ai...A5^p/i-/5}^ [^2 ^ 

-^aAB ^Q:Ai---yl4 ^aAi---A4 pali -hy ^3 _ ■^aPAiA2A3 ^aPAiA2A3 pa/37i/2^3| f|4 _ 

^a/37AB ^a^AB pa/SylJ'^ ^5 _ |^ai---a4A ^Qri---Q:4yl jxi:i---a4/| ^6 _ |^ai---a5 ^ai- a^ poti -as'^ 

= {0}. These are the ideals of our algebra, and is the center of the KK5-brane superalgebra 
sP[Z"^, S"^, S^-^*-^, _2'"^r--^5^ p-fi --/5]_ Considering quotient algebras, one obtains various sub- 

algebras. 

In summary, 'we have obtained the IIB-brane superalgebra. The S-duality is realized as an au- 
tomorphism of our algebra. The generators of the M-algebra are mapped to those of the IIB-brane 
superalgebra, except for the D5-brane charge S"i'""5 g^j^d the NS5-brane charge ^oi--a5_ 



5. A Description In Twelve- Dimensions 

In the previous section, we obtained the IIB-brane superalgebra in presence of all of the F-strings, 
D-strings, D3-branes, D5-branes, NS5-branes and KK5-branes. The S-duality is found to be realized 
as an automorphism of our superalgebra ■which ■was the generalized S0(2) R-symmetry. In this section 
we show this SO (2) symmetry is geometrically realized in twelve-dimensions with signature (11,1). 

As the twelve-dimensional F-matrices, we define the real representation of Spin(ll,l) using ten- 
dimensional 7-matrices as: 

F'^ = 7'^®c73, F^ = 7^0a3, F^ = 1®cji. (5.1) 

The charge conjugation matrix C in twelve-dimensions is related to one in ten-dimensions c as C = 
c (8) (J3. It follows that 

(7"1)q;8 = {^"')olPi (7"o-3)q:/3 = (r^")Q/3, {l"'CFl)aP = habM2)a0 = \]\>abc) a0 , 

In (11 -|- l)-dimensions, p-branes with p = 1,2 mod 4 can exist since (r'^^'"'^'')^,^ is symmetric with 
respect to a and j3 when p = 1, 2 mod 4. Writing the p-form charges in twelve-dimensions as Z^^...^^, 
we find that the IIB-brane charges are expressed in terms of Z^^...^ as 
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11+1 Supertranslation 2-brane 5-brane 6-brane 



M 




MB D-instanton supertranslation D3 kK5 

D-string D5 
F-string NS5 



Figure 1: A unification of tlie IIB-branes and the M-branes in twelve-dimensions. 



where the forms with a caret correspond to the dual forms to the charges of the branes in twelve- 
dimensions. These charge assignments imply that the IIB-branes are related to the branes in twelve- 
dimensions in such a way that the S-duality is manifestly realized. The relations are depicted in figure 
1. 

In fact, we can rewrite the MC equations of the IIB-branes as those of the branes in twelve- 
dimensions. The MC equations for supertranslations, F-strings and D-strings are found to be rewritten 
as (dropping hats) 

dW^ = -^W^U^in^^, (5.4) 
dUma = -hr'U>^iT^a)a0, (5-5) 

dn„„ = -n^n„a(r'^)a^ - n^n'^(r„,)„^, (5.6) 

where m = \),\\. The F- and D-strings are unified as the \\- and b- wrapped 2-branes in twelve-dimensions, 
respectively. Projecting the Majorana spinors in twelve-dimensions to 16+16 Majorana-Weyl spinors 
with the same chirality in ten-dimensions, the above MC equations reduce to those of supertransla- 
tions, F-strings and D-strings. The D3-branes are described as the (t], t')-wrapped 5-branes. The MC 
equations are found to be rewritten as 

dn.mim2abc — mim2abc) a0 1 i'^-'^) 

d^mim2aba ~ ^^^mim2abc(X )a/3 ~ ^^11 {^mim2abc)a0 ~^ ^^^^mim2i^ ab)aPj (^•^) 

(^^171117120013 '^^m,im2abc^ (-T )a/3 ~l~ ^-^011 7712067 n'^(r ) afi ~^ '^^mim2abQj^'^ 0^ )j3'Y 

^ b "^6 b 

2"^^ ^ 'mi'm2abc) aff ~^ 2^ ^mib{^m2a)Q/3 ~^ "^-^ 11^^^2(^06)0;^ 

3 3 

d^mim20iioi20ti — ^mim2abai^ ^0202 ~l~ -^^^11772^0120/30:1 (-^ )q!2C«3 ~I~ 5n^IIm,jm2ao'iQi2 (-^ )q;3j8 

^^mia^m2ai{^ )a20i3 + lOII ^niioiii^ 17120)02013 ^ (5.10) 

where it is understood that the symmetries of indices on the left hand side are to be implemented 
on the right hand side with unit weight (anti) symmetrizations. Projecting the Majorana spinors 
in twelve-dimensions to the Majorana-Weyl spinors with the same chirality in ten-dimensions, the 
above MC equations reduce to those of D3-branes. The IIB KK5-brane are expected to be described 
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as the 5-branes in twelve-dimensions. The MC equations ( p.lj )~(C.6) for KK5-branes are rewritten 
in such a way that the S-duahty is geometrically realized. The MC equation (C.l) is rewritten as 

■i5)ap-: which is similar to ( |5 . 7| ) . We expect that the MC equations for 5- 
branes in twelve-dimensions are composed of (^.TD^ dB.lCP and the MC equations, which is obtained 
by lifting the MC equations for KK5-branes into twelve-dimensions. 

For NS5- and D5-branes, the corresponding MC equations are found to be rewritten as 

dlLma.-a, = -^li'^Ii^ {T ma,-a,)aP , (5.11) 

(5.12) 

+211 n^ft^Qij^Qij (r 03)0:^ + 11 11^774010203(1^ b)afi ~^ '^^nibmaia2^n2a3^ ^ ^ 0^ )afi 
~^'^^nib^n2maia2as^ ^ ^ (T )Q.jg + lI'^lInmoi027(l^ 03 )q:/3 ~l~ 81I'^n}imai02Q: (1^ o,-j)/3'y 
6II}^mIIa203 (r 03)0:^3 2n'''IInQ, (r moi0203)/37 ~l~ ^ i^maia2a3bc)aP 

GIIj^l jTjIIj^joi <^ ^ ^(ra2a3)Q:j8 2^ llnb(r maia2a3^aP 411 n,2ni(r aia2a3b)a0 
^ll'''lln7(r 771010203 )q:/3) (5.13) 

C^Ilmoi02aia2Q;3 ~ 211 ^rnaia2bcai(J^ )a2a3 ~l" ll^Ilmoi02fe/3ai (-'^ )q!2Q:3 ~I~ 51l''ll7„(jj^g[2ftQ,-^Q,2 (F )a3/3 
-l-fiTT TT 7, A"l"2('p^'^ -I- STT !,TT xnin2(-pb- 

-ru±±,7jm-'-J-?72OiO20Q:i'^ V-"- M2a3 ' »iio-'--^n2mai02ai V-"- , 

611 1177^^7770,^0,-^ (r 02)q:2Q:3 ~I~ 511 11,7,72(71 020:1 (r b)a2a3 ~^ '^^^^nmaipoiiij^ a 
~l~1511^n7i7raoiQ:iQ:2 (1^ 02 )q!3/3 ~l~ 311mmoi02fclln2C«l (J^ )q:2Q:3 

~l~911n70i llriQi (r 02)q:2<*3 12IlmQ:i llnoi (r 02)0:20:3 ~^ 1511r7ir7iIln2Q:i ^ ^(1^0102)0:20:3 
511 ll72Q,j (r 77701026)0:20:35 

(5.14) 

C^Ilmoai---a4 = ~11 11771o6cq:iq:2 (-'^ )o:3Q:4 ~ '^^^^'"'■'^^P^l^ii^ )o:30:4 ~ ^ll^Il7T7ofeQ:iQ:2a!3 (r )a4/3 

+211,7^,7711,72060:10:2'^ ^ ^ (r )o:3a4 211,7^ {,11,7277700102'^ ^ (r )o3a4 

+211 11,777760102(1^ 0)0304 311 117777700102(1^ 6)0304 g Il^lln777;9aia2 (-^ (1)0:304 
12 

^Il'^lln?77aia2a3 (-'^ 0)04/8 ~l~ 3-n.»7i 777Q,feoiIlr720:2'^ ^ )o:3a4 
6117770,-^11770,2 (r 0)0304 
+311,7 jQ, J 11,7202'^ ^ ^ (r7r7o)o304 5 

(5.15) 

35 5 

<^llmoi---a5 — ^ll^llmaoi --04 (r )a50 ~ 2ll^ll7770;9aia2Q:3 (''^ )q:40:5 +11 Ilma6oi020:3 (-^^ )o:40:5 

7 5 
~l~2"^ llr7moia2Q:3 (r 0)0405 ~l~ 2 "^'^l<^'^"2"io:ia20:3 ^ ^ ^ (T )o4a5 

15 

^llniOilln2»7i.(iO:2a;3'^ ^ ^ (-^^ )o4Q:5 • (5.16) 

The NS5- and D5-branes are unified as the b- and tl-wrapped 6-branes in twelve-dimensions, respec- 
tively. In this way, we find (non-covariant) twelve-dimensional description of the llB-branes. 



0203 
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The superalgebra is essentially ten-dimensional. In order to unify the M-algebra and the IIB- 
brane superalgebra, one must lift the superalgebra to a superalgebra with the eleven-dimensional 
covariance. The relation of the branes in twelve-dimensions to the M-branes are described in figure 1. 
The eleven-dimensional supertranslations are described in terms of Zj\,f • The 2- and 5-brane charges 
T^MN T^Kh—Mr, ^]^g corresponding part of M2- and M5-branes. One finds that in 

order to describe the full M-algebra, we must add the charge Z^p to the superalgebra obtained from 
the IIB superalgebra. We do not give the unified superalgebra here, but we expect that IIB-branes 
and M-branes will be unified in (ll-l-l)-dimensions. 



6. Summary and Discussions 

We have shown that the WZ terms of Dp- and NSp-branes in the type-IIB theory are characterized 
by non-trivial Chevalley-Eilenberg {p + 2)-cocycles. The total actions are equivalent to those obtained 
in and K-invariant. These WZ terms are shown to be constructed in a manifestly supersymmetric 
way by introducing a set of new spacetime superalgebras. Using these superalgebras, we have shown 
that Siegel's formulation generalizes to the D3-branes, the D5-branes and the NS5-branes. Namely, 
using the supercurrents on the supergroup manifolds corresponding to the new superalgebras, we 
wrote down the WZ terms, which are {p + 2)-th order in the supercurrents = 5 for the D3-branes 
and p = 7 for the D5- and NS5-branes). 

The relations of these superalgebras to the M-algebra are discussed. The D5- and NS5-brane su- 
peralgebras contain generators with five spinorial indices, which can not be related to the M-algebra. 
In order to construct the manifestly super invariant WZ terms, these charges must be added. We 
have established the IIB-brane superalgebra with maximal "central" extension which is generated by 
generators: supertranslations Qa, D-strings S"^, F-strings Z"^, D3-branes S"^^*^, D5-branes J]'^^"''^^, 
NS5-branes Z"^^'"^^ and KK5-branes P^^ "^^. The superalgebra enjoys the S-duality, or generalized 
S0(2) R-symmetry as an automorphism of the algebra. This S0(2)-symmetry is found to be geomet- 
rically realized in twelve-dimensions with signature (11,1). 

We expect that our formulation generalizes to the higher branes: KK5-, D7-, NS7-, D9- and 
NS9-branes. The D7- and NS7-brane charges will be contained in T,^^'-" , and the D9- and NS9-brane 
charges in S"^ and Z^, respectively. We have presented the IIB-brane superalgebra generated by these 
generators, but the construction of the corresponding WZ terms are left for the future investigations. 

We have classified IIB NS/Dp-branes by CE cohomology (p + 2)-cocycles. It is interesting for us 
to consider whether the CE cohomology classification of KK5-branes can be achieved. One wishes to 



know the physical meaning of the new generators with spinorial indices. In |18|, the corresponding 
Noether charges are obtained and found to probe the topology of the ordinary superspace. The same 
will be true for our models too. In |]l7|, SO(2,l)=SL(2,M) covariant IIB superalgebra was discovered. 
There, translations Pa, F-strings and D-strings formed a S0(2,l) triplet. It is interesting for us 
to construct S0(2,l) covariant superalgebra which contains charges of KK5-branes, NS5-branes and 
D5-branes as a S0(2,l) triplet. If this is achieved, new geometric formulation of {p,q) 5-branes will 
be given. 

Our formulation will be generalized to the case where the target space is curved. For example, 
one considers the Green-Schwarz superstring actions on anti-de Sitter spaces: AdS^ x S^, AdS^ x S^, 
etc. The corresponding coset superspaces are ^^^^so{2\)xSO{3)'^^^ strings on AdS^ x 

and 50*^4^1)^x^10(5) for the GS strings on AdS^ x S^. In order for our formulation to generalize to 
these cases, the supergroups SU{1, 1\2)l x SU{1, 1\2)r or SU{2, 2|4) must be extended including new 
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generators. If this is achieved, the new coordinates corresponding to new generators will be contained 
in a surface term. We hope that the physical meaning of the new coordinates will be revealed with 
considering these models, and our formulation will shed some light on the various string dualities. 

Acknowledgments 

The author would like to express his gratitude to Prof. H. Kunitomo and the members of YITP. We 
are also grateful to Prof. N. Ishibashi and the members of KEK, where this research was started. 



A. D5-Brane Superalgebra 

The D5-brane superalgebra is generated by supertranslations Qa-, D-strings S"^, F-strings Z^^ D3- 
branes S"^^*^ and D5-branes S"^^'""^^. The MC equations corresponding to the D5-branes are ( |3.13| ), 
(P4l ), ( |3T7D , ( p^ ) and 



in'^n/^(7a,...a,ai)a/3, (A.l) 

■a4bO"l)a/3 

«0-2)a^, (A.2) 
f^nf^0203a/3 = -2nfi0203bcn^7cl)a/3 + -^a^aia-^ln^ {l^ ^) afi + '^'^aia2azba^^ 



1 3 

--nf,na^a2a3(7 l)a/3 + ■^'^^ara2-y{lai(y-i)ap + &'^^^aia2a{lazCF^) 
-3na^na2'(7o30-3)„^ + '^'^^^a{la-,a2a3i(y2)(}'y + -j^^^" {l aia2a3bc(y l) 

-3n,,n,,(7„3C7i)„^ + -nX(7 010203 a3b^'^2)ap 

+ ^n^Ily(7aia2a3«Cr2)a/3, (A.3) 

^nf^ 02010203 ^ 2n'Tif^„26cai(7'^i)o203 + n^nf^02fe/3ai(7*i)"2O3 + ^n^nf^ 0260102 ('y''-'^)"3/3 

0203 3nj,nQ,ia20i O2O3 + 4n Ilba J ai (702 '^3)0203 
+511 ^aia20L\ (760-3)0203 + 2n''naj/jQ,j (7^2 •^3 jo203 + ion''n,,,,,2(7 02 "'3)03/3 
-3n,,,2bna,(7''i) 02O3 — ^^ai^ai{la2'^z)a2a-i 

+ 4n^/na,(7 

02 "■3)0203 

+5n''n«,(7,, 

C[2fe*C2 jo203 - lOIIa^na, (7^2 0-1)0203, (A.4) 
"'^-'■ooi---04 ~ '^'^ -'--'^ofecoi02 W J-J0304 -j^g^J- ^-'-ofej9oi02 W J-J0304 ^'-'^ -'^-Io6oi0203 17 '^Jaifi 
+nantoi02 (7^1)0304 + 2n(,naai02(7''l)o304 + n'TI;,Qja2(7o"3)o304 

3 6 

-3n^naQ,i02(76"3)o304 - Y^n^n^aia2(7o0"3)o304 - -^11^110,10:203 (7a 0'3)a4/9 

-Sllafeai 1102(7^1)0304 + 3noi'no2(7o0"3)o3O4 + 3noino2 (7o ""1)0304 (A.5) 
35 5 

c^n^,..05 = -yn%f,^...,^(7n),,^ - -n%f^,^,^,3 (7^)0,0,, + n'^nl.^,^,3 (7^1)0,0, 

7 5 15 

+ 2-^^ nQ,i0.20!3 (7o ""3)0405 ~ 2''^'*"'^^1^2a3 (7 1)0405 + "^11011100203(7 l)o405-(A.6) 
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B. NS5-Brane Superalgebra 

The NS5-brane superalgebra is generated by supertranslations Qa, D-strings E"^, F-strings Z^, D3- 
branes S"^^*^ and NS5-branes ^^i'"^5_ xhe MC equations corresponding to the NS5-branes are ( |3.13| ), 
(|3l3), (PI) and 



+in'^n^(7„,...„,a3W, (B.l) 

+AIl^Yla,'{la,a,a,icJ2)af), (B.2) 

3 3 



1 3 

12(13 aia27 
+3na/na2(7Q3(Ti)Q,/3 - 2n'^nQ,'(7aia2a3^Cr2)/37 " '^'n'''^'' {laia2a:ibc(^3)a0 

(B.3) 

"-'--^aia2Q!iQ!2Q!3 " ^J^-*^ ^J-aia2fecOiW J-Jq:2Q:3 -'■^aia2fe/3Q:i W J-Jq:2Q:3 OJ-J- -'--^010260102 W ^Ms/S 

-ffla/llajtoi (7^1)^20:3 + 3nfe'naja2Q!i(7^1)a2a3 + ^n^IIbajQ,^ (7^2 (Ti)a2a3 
+5n^na^a2ai(7fef^l)a2a3 + '2^'^^aiPai{la2(^l)a2a3 + lOn^'lIa^a^Q.j (7a2 0-1)0,3/3 

+3nQ,jQ2 

6n./(7''i) - 4nQ,ina/(7a2 0-i) 

0203 

a2b1'0'2ja2a3 

+ iona/n<,/(7„2 (B.4) 

"^-'^aai---a4 ~ ^-'-afecQ!iQ!2 w '^la-iOii ~ '^'^^ ^^^06^0:102^7 ^^^0304 ~ ^^^^ ^^06010:20:3 v7 -Ljo4/3 

iIq nfiQ,-^Q,2 (7 1)0:304 211^ 1100102(7 1)0304 + n 11^0,^012 (7a'7i)o304 

3 6 

-3n^naQ,^a2(76'7l)Q.304 - Yo^^^'^"i"2(7a0"l)o304 " ■^n^naia2a3 (7aO"l )o4(3 

+ 3nafeainQ2'(7^1)a304 " 3110,^110,2 '(700-1)0,304 " 3no;/no,2 ' (70*73 )o304 , (B.5) 

rfn^i"..o. = -f n%^o^..o4(7n)o,^ - ^n%^/oi0203(7'^i)a4as +n'^n^,^^,^„3(7^i)„,„3 

7 5 15 

+ 77n 110,-^0,203(700-1)0405 + TtBo 110:10203(7 1)0405 ^Hoi nao2a3(7 l)a4a5(B.6) 



C. KK5-Brane Superalgebra 



The KK5-brane superalgebra is generated by supertranslations Qa, D-strings S"^, F-strings Z"^, D3- 
branes S^^*^, D5-branes S^^-^s^ NS5-branes Z^'^'"^^ and KK5-branes p^i-^5_ xhe MC equations 
needed for the KK5-branes are (|I|), (|3l|), ( CT) , (|]2|), ([aH - [a!6|) , (CTM and 



dn,^.^,, = -Jn"n'^(7.i....5i)o^, 



KK 



(C.l) 



n^nJ(7iii-i4i)a/3 - n^n(|(7jii...i4 0-3)0/3 + n^n/(7ii...i4ai)o^ 
+n%j^/?:.,^(7n)o^ - n%^^^..,^(7»^3)o^ + n%J?^...,^(7»^i)o/3 
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dll. 



KK 

«li2«3«/8 



dll, 



KK 

11120:10203 



KK 



KK 

Ol-Os 



-6n^%^i2(7pi3i^icr2)a/3, 



(C.2) 



-In 

2 2l*2'3JK — \ ' ' 2 — B*1'2*3J — tt\ ' ~/"/^ ' 2 



3,.,ff(7'=i)«^ + ^n^^^^,3,.n«(7n)„^ + ln^^,^,3,.n«'(7n)„^ 



2 



«l«2«3ntt 



-=^Ui,i,iMj^ai)a^ + ^n,^,^,3^.^m(7n),0 + -n^^^^,3^m(7«a3)„^ 



-^n^^,^,3^m(7«ai),^ - 2nf,^1^,3,n^(7n);37 + '^K^^2^.a^i^'^^)|3'y 

-^^fiii2i3a^'^i^^^^)i3-y - 3njt'n,ji^j2 (7^3^3)0/3 - 3njn)jij,2(7i3'^i)o/3 

3 3 
-6n^%io(7tti2j3^<^2)/37 + -u^ji^Uf^i^isiif^ i)a0 + 2nii'niji2j3 (7*0-3)0/3 

3 3 

+ 2nnnt)i2i3(7*0-l)a/3 + ntt'njj(7j,i2i3io-2)a/3 - 2^''^H^'*i*^'''*2«3tt^'^2)a/3 

3 3 
3 



(C.3) 



2ffn 



jNS 



iii2jkai 

(7'i)o203 + 2njn 



(7''i)o203 + 2nj'n 



:iii2jai 



(7-' 1)0203 



+n''ng^,^^^^(7Vi),203 
+5n^nj^^j20i02 



+2n^n^;^^^.„^(7V3)a2a3 - 2nmg^,^^.„^(7»ai)«,«3 + 2n/n,,,20i (7*^3)0203 
+2n„n,,,20i (7*^1)0203 +n^n,^'£73ai(Vi)o203 - n%£l^„^ (7" ^3)0203 

'n%,^,f,„,,, (7^' 1)03/3 - 5n^n^f,^,^,^(7V3),3;3 
(7*0-1)0:3/3 + lontt'nttjjQ,! (7220-3)0203 + lontjntjj^ai (7220-1)0203 
+5n^n(ja^Q,2(7«nj2 ^0-2)03/3 + 6n(tjj^njji2ai (7-' 1)0203 + 6nj/nji2ai (7*0-3)0203 
+6nj^njjj2ai (7*0-1)0203 + 2nijjajnjj^j2(7'' i)o203 - 2nQ,/njj^j2 (7*0-3)0203 
-2nQ,^njjj^j2 (7^1)0203 - ion-'nuj^ai(7j2jtt^o-2)a203 - 2n-'njjja^(7jjj-^ 42^0-2)0:203 



2ntino:/(7ttjij2^o-2)o203 + 2njj'na^(7jj-^i2^o-2)o203 + n''npai(7flnj2 ^0-2)0203) (c.4) 
(7^^1)0304 +nm^/„^^2 (7*^3)0304 -nm^?,„,«2 (7*^1)0304 

0304 ~ njQ,-^<i2 (7*0-3)0304 



_TTjTjKK 

ijkaiQ2 

tNS 



-nfln^^^,2(Vi)«304 + ^iKjcra2ii'n 

3 

10 



nttn,„,„2(7*^l)o3a4 - ^^^^fj^,a2i^'^)a3a, ' ^n/^<|.ia2 (7*^3) 



0304 



+ Yo"^"?/8«i«2 (7"<7l)a304 
6 



^nXi^,,,3(7n)„,^ - ^nXo^„^„3(7«a3)„,^ 



»JOl0203 V 



1^ 



1010203 ^ 

10102(720-1) O3O4 



+5n'^njj'£,j£,203 (7*0-1)04^ + 3ntt'nttaia2 (7*0-3)0304 + snjjnjj, 

+2n(jjjnuajo:2 (7^^1)0304 - 2ni'n|joia2 (7*0-3)0304 - 2ninjjo:ia2 (7*0-1)0304 
+3njjoinjjo2(7^i) 0304 3n„/ntt,«2(7*<^3) 0304 

- 3na^njjja2(7"cri) 

0304 

-3n-'njoia2(7tjy^O-2) 



0304 ' 



(C.5) 



= --um, 



KK 

1^010203 



0405 



—-n[tn^^^^203 (7*1)0405 



3 

(7*0-3)0405 + ^n'n 

111010203 (7* )a40B 



3n/njj'£,j£,203(7*i) 



0405 ^11(1 nQ;jQ,2a3 (7*0-3)0405 
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0:40:5 [10:20:3 (7 o's) 040:5 
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